SEPTEMBER 1971

at the same time. The method works directly with the
hybrid set of differential equations . ...”

The assertion, that the method is the new one, is not quite
right. The method has been developed first in papers®
(see also the monograph?) for applying to the problem on
stability of solid bodies with liquid-filled cavities. The hy-
brid set of the differential equations of the system motion has
been also obtained with the help of Hamilton’s principle.
The energy or a combination of the energy and the first in-
tegrals of the hybrid set of differential equations has been
considered as Liapunov function and funectional simul-
taneously.

This method is indeed the general and rigorous one and
should be applicable to the stability analysis in many areas.
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Reply by Author to V. V. Rumyantsev

Leoxarp MEmRovITCH®
Unaversity of Cincinnati, Cincinnali, Ohio

N his Comment, Rumyantsev disputes the assertion made

in Ref. 1 that “A new method of approach to the stability
problem of hybrid systems, . . ., is presented.” He argues
the point by contending that the “general and rigorous”
method was developed in Ref. 2 (Ref. 3 presents essentially
the same information as Ref. 2). This contention, however,
does not find much support in facts, and, indeed, a close
examination of Ref. 1 reveals very little resemblance to Ref.
2. Although both works are concerned with hybrid systems
and consider stability analyses based on Liapunov’s direct
method, there the similarities end. Whereas the mathe-
matical model of Ref. 1 is a solid body that is part rigid and
part elastic, Ref. 2 considers rigid bodies with fluid-filled
cavities. The real difference, however, lies not so much in
the mathematical model, or the problem formulation, but
in the method of approach to the stability problem. Indeed,
Ref. 2 uses the standard Liapunov method to test the sta-
bility of a discrete system, whereas Ref. 1 develops a tech-
nique, based on the Liapunov dircet method, to test the
stability of a hybrid system. To be specific, Ref. 2 reduces
the hybrid system to a discrete one by either considering
cavities entirely filled with an ideal fluid and assuming that
“ ... the motion of the fluid is completely defined by a finite
number of variables” or by considering cavities partially or
completely filled by an ideal or viscous fluid and assuming
that ‘. .. in this case it is also possible to state the stability
problem with respect to a finite number of variables by
introducing certain quantities that integrally describe the
motion of the fluid.” To analyze such systems, Rumyantsev
presents “Two theorems on stability with respect to a part
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of the variables, which can be regarded as modifications of
the Lyapunov stability theorem.” In conclusion, Rumyant-
sev interprets stability in a finite dimensional vector space
consisting of the rigid body motion and a finite number of
variables (depending on time but not-on space) representing
the fluid, thus avoiding many of the difficulties inherent in a
stability analysis of truly hybrid systems. '

The method of Ref. 1, by contrast, does not resort to any
discretization scheme and interprets stability . . . in a space
S which can be regarded as the cartesian product of the finite
dimensional veector space and the function space.” The
vector space is associated with the ‘“‘rigid-body motion” and
the function space with the motion of the elastic continuum.
Since the system is hybrid, an expression which is both a fune-
tion and [ at the same time is considered for testing purposes;
the expression is the system Hamiltonian. Difficulties
caused by terms involving partial derivatives with respect
to spatial variables in the Hamiltonian are circumvented by
invoking certain properties of Rayleigh’s quotient and de-
vising a new testing function « which is known to be smaller
in value than the Hamiltonian. Moreover, defining a test-
ing density function & for every point of the elastic domain
D., where & = «/D., the sign properties of & are checked at
every point of D,.

The aiithor is confident that a more in-depth study will
convince Rumyantsev that Ref. 1 does indeed contain many
novel ideas not found anywhere else. The application of the
techniques developed in Ref. 1 to test the stability of motion
of rigid bodies with fluid-filled cavities is in the realm of
possibility.
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Comment on “Spectroscopic Study
of Ion-Neutral Coupling in
Plasma Acceleration”

Denis J. ConnoLLy* anp RoNarp J. Sovief
NASA Lewis Research Center, Cleveland, Ohio

ALLIARIS and Libby! have apparently overlooked an
effect which may contribute appreciable errors to their
measurements of axial velocity of neutrals in an MPD flow.
Their velocity measuring technique cannot discriminate be-
tween particles which emanate from the thruster and identical
particles which diffuse into the beam from the background.
Both will be excited by collisional processes in the core of the
beam and both will contribute light to the spectral line being
observed. Their relative contributions will be in proportion
to their relative densities. If the density of the background
neutrals is not negligible compared to the density of the beam
neutrals, a spectroscopic observation will yield a composite
line.
The apparent doppler shift will give some sort of weighted
average of the velocities of the two types of neutrals. Unless
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